In this paper we study conditions assuring that the Bishop-Phelps-Bollobás property (BPBp, for short) is inherited by absolute summands of the range space or of the domain space. Concretely, given a pair (X, Y ) of Banach spaces having the BPBp, (a) if Y 1 is an absolute summand of Y , then (X, Y 1 ) has the BPBp; (b) if X 1 is an absolute summand of X of type 1 or ∞, then (X 1 , Y ) has the BPBp. Besides, analogous results for the BPBp for compact operators and for the density of norm attaining operators are also given. We also show that the Bishop-Phelps-Bollobás property for numerical radius is inherited by absolute summands of type 1 or ∞. Moreover, we provide analogous results for numerical radius attaining operators and for the BPBp for numerical radius for compact operators.
Introduction & Preliminaries
Let X be a Banach space. We denote by B X and S X the unit ball and the unit sphere of X, respectively. We consider the topological dual space of X and we denote it by X * . We say that x * ∈ X * attains its norm if there is x 0 ∈ S X such that |x * (x 0 )| = x * = sup x∈S X |x * (x)|. The famous Bishop-Phelps theorem [7] says that given ε > 0 and x * ∈ X * , there exists x * 0 ∈ X * such that |x * 0 (x 0 )| = 1 for some x 0 ∈ S X and x * 0 − x * < ε. It is natural to ask if it is true also for bounded linear operators. Given two Banach spaces X and Y , we denote by L(X, Y ) the set of all continuous linear operators. When Y = X, we denote it simply by L(X). We say that T ∈ L(X, Y ) attains its norm when there exists x 0 ∈ S X such that T x 0 = T = sup x∈S X T (x) . We denote by NA(X, Y ) the set of all norm attaining operators from X to Y . Then, the Bishop-Phelps theorem states that NA(X, K) is dense in X * for every Banach space X (where K denotes the base field (= R or C)). Trying to extend the Bishop-Phelps theorem for bounded linear operators, J. Lindenstrauss [27] showed that there are operators which can not be approximated by norm attaining ones. Therefore, in general, there is no version of the Bishop-Phelps theorem for operators. On the other hand, reflexivity of X it is enough for the density of NA(X, Y ) in L(X, Y ) for every Banach space Y (actually, this holds for Banach spaces X with the RNP by a result of J. Bourgain [11] ); if Y is a closed subspace of ∞ containing the canonical copy of c 0 , then NA(X, Y ) is dense in L(X, Y ) for every Banach space X. We refer the reader to the survey [1] for a detailed account on norm attaining operators.
In 1970, Bollobás [8] proved a quantitative version of the Bishop-Phelps theorem which turned out to be very useful in numerical range theory. Nowadays, this result is known as the Bishop-Phelps-Bollobás theorem. It can be enunciated as follows. Let X be a Banach space, let 0 < ε < 2 and suppose that x ∈ B X and x * ∈ B X * satisfy Re x * (x) > 1 − ε 2 2 . Then, there are y ∈ S X and y * ∈ S X * such that y * (y) = 1, y − x < ε, and y * − x * < ε (see [13] for this slightly improved version).
This result motivated M. Acosta, R. Aron, D. García and M. Maestre [2] to introduce in 2008 the following property. x 0 ∈ S X are such that T x 0 > 1 − η(ε), there are S ∈ L(X, Y ) with S = 1 and x 1 ∈ S X such that
x 1 − x 0 < ε, and S − T < ε.
In this case, we say that the pair (X, Y ) has the BPBp with the function ε −→ η(ε).
If we restrict the operators T and S to be compact in the above definition, then the corresponding property is called the Bishop-Phelps-Bollobás property for compact operators (BPBp for compact operators, for short) (see [16] ).
The aim of the authors of [2] was to study the conditions that X and Y must satisfy to get a Bishop-Phelps-Bollobás type theorem for bounded linear operators. They characterized when the pair ( 1 , Y ) has the BPBp via a geometric property of the Banach space Y which is satisfied by many Banach spaces as C(K), L 1 (µ), but not for all Banach spaces. They also proved that (X, Y ) has the BPBp when X and Y are finite-dimensional, or when X is arbitrary and Y is a closed subspace of ∞ containing the canonical copy of c 0 . There is a vast literature about this topic and we invite the reader to take a look at the papers cited here and the references therein, as the already cited [2] and [4, 5, 15, 16, 18, 17, 25] .
In this paper we are interested in the behavior of the Bishop-Phelps-Bollobás property and other related properties with respect to absolute sums. Our main motivation is the similar study done in [5] for c 0 -, 1 -and ∞ -sums, which was a very useful technique to produce some important results and examples.
Before we continue, let us give the proper terminology and notation.
An absolute norm is a norm | · | a in R 2 such that |(1, 0)| a = |(0, 1)| a = 1 and |(s, t)| a = |(|s|, |t|)| a for every s, t ∈ R. Given two Banach spaces W and Z and an absolute norm | · | a , the absolute sum of W and Z with respect to | · | a , denoted by W ⊕ a Z, is the Banach space W × Z endowed with the norm
It is also easy to show that (1) max{ w , z } (w, z) a w + z for every (w, z) ∈ W ⊕ a Z and every absolute norm · a . We will say that the Banach space W is an absolute summand of the Banach space X, if there are another Banach space Z and an absolute norm |·| a in R 2 such that X = W ⊕ a Z. This terminology extends the well-known concepts of L-summand and M -summand (see [22] ): W is a L-summand of X if there is another Banach space Z such that X = W ⊕ 1 Z; analogously, if X = W ⊕ ∞ Z for some Banach space Z, then we say that W is a M -summand of X. For background on absolute norms and absolute sums, we refer the reader to [10, 28, 29, 30, 31, 32] . For a more recent reference, we suggest [21] , where the author studies the stability of some geometrical properties of Banach spaces by absolute sums. Examples of absolute sums are the p -sums for 1 p ∞ associated to the p -norms in R 2 .
In his doctoral dissertation [31] , R. Payá proposed an intuitive classification of absolute norms defined through its behavior at the unit vector (1, 0) of R 2 (see also [28, p. 38] ). Some of our results depend on this classification, so we include it here. Let us first recall some necessary definitions. For x ∈ X, let D(X, x) be the set of all x * ∈ S X * such that x * (x) = x , which is convex and nonempty by the Hahn-Banach theorem. We say that x ∈ S X is a vertex of B X if D(X, x) separates the points of X and we say that x is a smooth point of B X if D(X, x) is a singleton subset of X * . A vertex of the unit ball is an extreme point (see, for example, the remark after [9, Theorem 4.6]). Definition 1.2. Let | · | a be an absolute norm in R 2 . We say that | · | a is of (i) type 1 if the vector (1, 0) is an vertex of B (R 2 , · a ) ; (ii) type 2 if the vector (1, 0) is a smooth and extreme point of
The p -norm is of type 1 for p = 1, of type ∞ for p = ∞, and of type 2 for 1 < p < ∞. In subsection 1.1, at the end of this introduction, we will give an account on the results of absolute sums that we will need in this paper.
In section 2 we show that if Y 1 is an absolute summand of Y and a pair (X, Y ) has the BPBp (resp. BPBp for compact operators), then so does (X, Y 1 ). The analogous result for the density of norm attaining operators and norm attaining compact operators also hold. For domain spaces, we show in section 3 that analogous results hold for type 1 and type ∞ absolute norms: if X 1 is an absolute summand of type 1 or ∞ of a Banach space X and a pair (X, Y ) has the BPBp (resp. BPBp for compact operators), then so does (X 1 , Y ). The analogous results for the density of norm attaining operators and norm attaining compact operators also hold for type 1 absolute norms.
The last section of the paper ( §4) is devoted to the study of the Bishop-Phelps-Bollobás property for numerical radius. Let us recall the relevant notation and terminology about this. Let X be a Banach space and consider the set
The numerical radius of an operator T ∈ L(X) is defined by
It is clear that v(T ) T for all T ∈ L(X) and that v(·) is a seminorm in L(X). We say that T ∈ L(X) attains its numerical radius (or it is a numerical radius attaining operator) if there is (x 0 , x * 0 ) ∈ Π(X) such that |x * 0 (T x 0 )| = v(T ). We denote by NRA(X) the set of all numerical radius attaining operators on X. We refer the reader to the classical books [9, 10] for background on numerical radius of operators and to [1, 12, 32] and the references therein for background on the study of the density of the set of numerical radius attaining operators.
Let us give the definition of two properties related to the Bishop-Phelps-Bollobás property. We take the definitions from [23] although they had appeared earlier for concrete Banach spaces (see [20] ). We refer to [3, 6, 20, 23, 26] and references therein for background. Definition 1.3. Let X be a Banach space. We say that (a) X has the BPBp for numerical radius (BPBp-nu, for short) if given ε > 0, there is η(ε) > 0 such that whenever T ∈ L(X) with v(T ) = 1 and (x, x * ) ∈ Π(X) satisfy
there are S ∈ L(X) with v(S) = 1 and (x 0 , x * 0 ) ∈ Π(X) such that |x * 0 (Sx 0 )| = 1,
(b) X has the weak BPBp for numerical radius (weak BPBp-nu, for short) if given ε > 0, there is η(ε) > 0 such that whenever T ∈ L(X) with v(T ) = 1 and (x, x * ) ∈ Π(X) satisfy
Observe that the only difference between the BPBp-nu and the weak BPBp-nu is the normalization of the numerical radius of the operator S given in the first definition. Both properties imply the density of the set of numerical radius attaining operators (see Lemma 4.6) . When v(·) is a norm, equivalent to the operator norm (and actually in more situations, see [23, 24] ), both properties are equivalent. As far as we know, it is not known whether both properties are always equivalent. Let us also say that both properties have their corresponding versions for compact operators, defined in the obvious way.
In section 4 we will show that if X is a Banach space with the BPBp-nu and W is an absolute summand of type 1 or ∞ of X, then W has the BPBp-nu. The analogous result for the weak BPBp-nu, for the BPBp-nu for compact operators, and for the weak BPBp-nu for compact operators also hold. Furthermore, we show that if X is a Banach space such that NRA(X) is dense in L(X) and W is an absolute summand of type 1 or ∞ of X, then NRA(W ) is dense in L(W ). The same result holds for compact operators.
Let us finally say that some of our results were previously known for the particular case of L-summands and/or M -summands, but other ones are new even in this context. We will highlight in the main part of the paper of which kind is each result. Let us also mention that for L-summands of the domain and for Msummands of the range, there is a formula for the norm of the operators involving the norms of the restrictions or projections (see the proof of [33, Lemma 2], for instance) which makes things easier. This is no longer true for arbitrary absolute summands.
1.1. Some background on absolute sums. Let us recall some known facts on absolute sums which will be relevant in our discussion. Let W , Z be Banach spaces and let · a be an absolute norm. There exists an isometric isomorphism between [W ⊕ a Z] * and W * ⊕ a * Z * , where | · | a * is the dual norm associated to | · | a , which is also absolute. The action of a functional (w * , z * ) ∈ W * ⊕ a * Z * at a point (w, z) ∈ W ⊕ a Z is given by
We will profusely use the following useful results which were proved in [31] . Lemma 1.4 ([31, Propositions 5.3, 5.5, and 5.6]). Let | · | a be an absolute norm in R 2 . Then,
Finally, we state the following easy result (for its proof see, for example, [19, Lemma 2.2]). Lemma 1.5. Let W and Z be Banach spaces and ⊕ a be any absolute sum in
Results on Range Spaces
We start this section by showing that the BPBp passes from (X, Y ) to (X, Y 1 ), when Y 1 is an absolute summand of Y . This result extends [5, Propositions 2.3 and 2.7], where the results were done for L-and M -summands, and [19, Theorem 2.3], where it was done for the particular case of X = 1 .
Theorem 2.1. Let X, Y be Banach spaces and let Y 1 be an absolute summand of Y . If the pair (X, Y ) has the BPBp, then so does (X, Y 1 ).
Proof. Given ε ∈ (0, 1), consider η(ε) > 0 to be the BPBp function for the pair (X, Y ) and let Y 2 be such that
Since T = 1, x 0 ∈ S X and the pair (X, Y ) has the BPBp with η, there are S ∈ L(X, Y ) with S = 1 and
Then,
Then, for every x ∈ B X , we have that
On the other hand,
This shows that
we have for all x ∈ B X that
There is a property related to the BPBp for which we may also give an analogous result. A pair (X, Y ) of Banach spaces has the pointwise BPB property (see [18, Definition 1.2] 
It is clear that this property is stronger than the BPBp. It was proved in [18] that if (X, Y ) has the pointwise BPB property for some Y , then the space X must be uniformly smooth. The proof of Theorem 2.1 can be obviously adapted to the case of the pointwise BPB property. Therefore, we can state the following result.
Proposition 2.2. Let X, Y be Banach spaces and let Y 1 be an absolute summand of Y . If the pair (X, Y ) has the pointwise BPB property, then so does (X, Y 1 ).
We would like to notice also that, in Theorem 2.1, if one starts with a compact operator T 1 : X −→ Y 1 and assume that the pair (X, Y ) has the BPBp for compact operators, then the operator T defined in the proof is compact, so we can continue the proof getting a compact operator S and, therefore, the operator S 1 : X −→ Y 1 defined in (2) is also compact. Thus, we have the following analogous result for this class of operators. This generalizes [16, Lemma 2.6.ii], where the result was enunciated for L-and M -summands. 
Proof. Let ε ∈ (0, 1) and
with y * a * = 1 to be such that 1 = Sx 0 = y * ( Sx 0 ). Then, by Lemma 1.5,
This operator attains its norm at x 0 and it its close to T 1 (see the end of the proof of Theorem 2.1).
The above result was known for L-summands [5, Proposition 2.9] and for M -summands [33, Lemma 2] .
Notice that the proof of Proposition 2.5 also works for compact operators, providing the following result.
We finish the section with an small discussion about the validity of somehow reciprocal results. It is shown in [5, Proposition 2.4 ] that if X, Y 1 , Y 2 are Banach spaces and the pairs (X, Y 1 ) and (X, Y 2 ) have the BPBp, then so does the pair (X, Y 1 ⊕ ∞ Y 2 ); the same result holds for the BPBp for compact operators [16, Lemma 3.16 ] and for the density of norm attaining operators [33, Lemma 2]. We do not know whether any of these reciprocal results is also true for arbitrary absolute sums, even for the case of 1 -sum.
Results on Domain Spaces
We first prove that if X 1 is an absolute summand of type 1 or ∞, and the pair (X, Y ) has the BPBp, so does (X 1 , Y ). This extends [5, Proposition 2.6], where the result was shown for L-and M -summands. Theorem 3.1. Let X, Y be Banach spaces and let X 1 be an absolute summand of X of type 1 or ∞. If the pair (X, Y ) has the BPBp, then so does (X 1 , Y ).
Proof. Let ε ∈ (0, 1) be given and suppose that the pair (X, Y ) has the BPBp with some function ε −→ η(ε). Let X 2 be the Banach space such that X = X 1 ⊕ a X 2 . Pick any T ∈ L(X 1 , Y ) with T = 1 and
and the pair (X, Y ) has the BPBp with η, there are S ∈ L(X, Y ) with S = 1 and (x 1 , x 2 ) ∈ S X such that S(x 1 , x 2 ) = 1, (x 1 , x 2 ) − (x 0 , 0) a < ε and S − T < ε.
Using (1), we get that x 1 − x 0 < ε and x 2 < ε. Define S ∈ L(X 1 , Y ) by S(z 1 ) := S(z 1 , 0) (z 1 ∈ X 1 ).
Then S S = 1 and S − T S − T < ε. To finish the proof, we will prove that S attains its norm at x 1 since we already have x 1 − x 0 < ε and S − T < ε. To do so, we divide the proof in two cases.
Case 1: Suppose that ⊕ a is an absolute norm of type 1. By Lemma 1.4.a, there exists K > 0 such that
We prove that x 2 = 0. Note that for all z 2 ∈ B X2 , we have
Therefore, if we assume that x 2 = 0, we get for all ε ∈ (0, K) that
which is a contradiction. Then, S = S(x 1 ) = S(x 1 , 0) = 1.
Case 2: Now assume that ⊕ a is an absolute norm of type ∞. By Lemma 1.4.b, there is b 0 > 0 such that |(1, b 0 )| a = 1. Set ρ = b0 ε > 0 and consider the vector (x 1 , ρx 2 ) ∈ X. Note that since
which imply that x 1 = (x 1 , 0) a = 1 and Sx 1 = S(x 1 , 0) = 1 = S .
We would like to notice that there is a more general result than Theorem 3.1 for the pointwise BPB property (see [17, Proposition 2.1]), which says that if X 1 is one-complemented in X and (X, Y ) has the pointwise BPB property, then so does (X 1 , Y ). We do not know if it is possible to get such a general result for the BPBp.
On the other hand, we can easily adapt the proof of Theorem 3.1 in order to get an analogous result for the BPBp for compact operators. This extends [16, Lemma 2.6.i], where the result was enunciated for L-and M -summands. Proposition 3.2. Let X, Y be Banach spaces and let X 1 be an absolute summand of X of type 1 or ∞. If the pair (X, Y ) has the BPBp for compact operators, then so does (X 1 , Y ).
Let us present now the version of Theorem 3.1 for norm attaining operators, but in this case we may only deal with type 1 absolute norms. The result was previously known for L-summands (see [33, Lemma 2] ). Proposition 3.3. Let X, Y be Banach spaces and let X 1 be an absolute summand of X of type 1.
Proof. Let ε ∈ (0, 1) and T ∈ L(X 1 , Y ) with T = 1 be given. Consider X 2 to be a Banach space such that X = X 1 ⊕ a X 2 . Define T ∈ L(X, Y ) by T (z 1 , z 2 ) := (T z 1 , 0) for all (z 1 , z 2 ) ∈ X 1 ⊕ a X 2 . Then T = T = 1. Since NA(X, Y ) is dense in L(X, Y ), there are ( x 1 , x 2 ) ∈ S X1⊕aX2 and S ∈ L(X, Y ) with S = 1 such that S( x 1 , x 2 ) = 1 and S − T < ε. Define S ∈ L(X 1 , Y ) by S(z 1 ) := S(z 1 , 0) for all z 1 ∈ X 1 . Then, S 1 and for all z 1 ∈ S X1 , we have
So, S − T < ε. It remains to prove that S attains its norm. Indeed, first notice that for all z 2 ∈ B X2 , we have
This implies that x 1 = 0, otherwise, we would have 1 = S( x 1 , x 2 ) = S(0, x 2 ) < ε, which is a contradiction. Since ⊕ a is of type 1, by Lemma 1.4.a, there is K > 0 such that x 1 + K x 2 |( x 1 , x 2 )| a = ( x 1 , x 2 ) a = 1. If x 2 = 0, we have that, for every ε ∈ (0, K),
which is a new contradiction. So, x 2 = 0 and, then,
With the same proof, when one restricts it to compact operators, we get the following result.
Proposition 3.4. Let X, Y be Banach spaces and let X 1 be an absolute summand of type 1 of X. If the set
We do not know if the analogous result of Proposition 3.3 holds true also for absolute norms of type ∞. Actually, we do not know what happens even for M -summands.
As in the previous case, we finish the section with an small discussion about the validity of reciprocal results. Let X 1 , X 2 , Y be Banach spaces. It is shown in [33, Lemma 2] that if NA(X 1 , Y ) and NA(X 2 , Y ) are dense in their respective spaces of operators, then NA(
The validity of the analogous result for the BPBp is not true: the pair (R, Y ) has the BPBp for every Banach space Y (trivial), while there are Y 's such that (R ⊕ 1 R, Y ) does not have the BPBp (see [5, Corollary 3.3] for instance). As R ⊕ 1 R ≡ R ⊕ ∞ R, the same example shows that the reciprocal result is not true for the ∞ -sum. We do not know what is the situation for p -sums with 1 < p < ∞.
Results for Numerical Radius
We would like now to tackle the analogous questions of the previous sections for numerical radius. Our first result in this line is the following one which extends [23, Lemma 19] , where the result was proved for L-and M -summands.
Theorem 4.1. Let X be a Banach space and let W be an absolute summand of type 1 or ∞ of X. If X has the BPBp-nu, so does W .
We will profusely use in this section the following result which is a particular case of [14, Lemma 3.3] . We are now able to provide the proof of Theorem 4.1.
Proof of Theorem 4.1. Let ε ∈ (0, 1) be given and suppose that X has the BPBp-nu with some function η(ε) > 0. Consider Z to be a Banach space with X = W ⊕ a Z. We will prove that W satisfies the BPBp-nu with η. Let T ∈ L(W ) with v(T ) = 1 and (w 0 , w * 0 ) ∈ Π(W ) be such that
, v( T ) = 1 and W ⊕ a Z has the BPBp-nu with η, there are S ∈ L(W ⊕ a Z) with v( S) = 1 and ((w 1 , z 1 ), (w * 1 , z * 1 )) ∈ Π(W ⊕ a Z) such that
Then, for every (w, w * ) ∈ Π(W ), we have
So, v(S) 1. Now, since (w * 1 , z * 1 ) − (w * 0 , 0) a * < ε and (w 1 , z 1 ) − (w 0 , 0) a < ε, by using (1), we get that w * 1 − w * 0 < ε and w 1 − w 0 < ε. Moreover, for every w ∈ S W , we have
So, S − T < ε. It remains to prove that w * 1 (w 1 ) = 1 and |w * 1 (Sw 1 )| = 1. To do so, we divide the proof in two cases.
Case 1: Suppose that ⊕ a is of type ∞. We will prove that z * 1 = 0. To do so, suppose that it is not true. By Lemma 1.4.d, ⊕ a * is of type 1. So, there is K > 0 such that
which is a contradiction. So, z * 1 = 0. This implies that (w 1 , w * 1 ) ∈ Π(W ). Now, by Lemma 1.4.b, there is b 0 > 0 such that |(1, b 0 )| a = 1. Put ρ = b0 ε > 0. Then, ρz 1 = ρ z 1 < ρε = b 0 . Then, (w 1 , ρz 1 ) a = |( w 1 , ρz 1 )| a |(1, b 0 )| a = 1. Writing
we get that
which implies that (w 1 , ρz 1 ) a = 1. So, ((w 1 , ρz 1 ), (w * 1 , 0)) ∈ Π(W ⊕ a Z) and | S(w 1 , ρz 1 ), (w * 1 , 0) | v( S) = 1. Therefore,
This shows that |w * 1 (Sw 1 )| = | S(w 1 , 0), (w * 1 , 0) | = 1. By (3), we get that v(S) = |w * 1 (Sw 1 )| = 1. Case 2: Now suppose that ⊕ a is of type 1. Since (x * 0 , y * 0 ) − (x, 0) a * < ε, we have that y * 0 < ε. We will prove that z 1 = 0. Suppose not. By Lemma 1.4.a, there is K > 0 such that
Therefore, if ε ∈ (0, K), then
which is a contradiction. So, z 1 = 0 and (w 1 , w * 1 ) ∈ Π(W ).
So, (w * 1 , ρz * 1 ) a * = 1 and then ((w 1 , 0), (w * 1 , ρz * 1 )) ∈ Π(W ⊕ a Z). This implies that | S(w 1 , 0), (w * 1 , ρz * 1 ) | v( S) = 1 and
So, |w * 1 (Sw 1 )| = | S(w 1 , 0), (w * 1 , 0) | = 1 and this finishes the proof.
We would like to point out that the same proof of Theorem 4.1 works also for compact operators and we have the analogous result for the BPBp-nu for compact operators. Now suppose that ⊕ a is of type 1. As in Theorem 4.1 (Case 2), z 1 = 0 and then (w 1 , w * 1 ) ∈ Π(W ). Since ⊕ a * is of type ∞ (see Lemma 1.4 
This shows that |w * 1 (Sw 1 )| = v( S) v(S). So, |w * 1 (Sw 1 )| = v(S) and W has the weak BPBp-nu.
Again, the above proof can be adapted to compact operators to get the following result.
Proposition 4.5. Let X be a Banach space and let W be an absolute summand of type 1 or ∞ of X. If X has the weak BPBp-nu for compact operators, so does W .
Next, we have interest to investigate the density of the set of numerical radius attaining operators. To do so, we will prove the following easy lemma which says that, in order to prove the denseness of the set NRA(X) for a Banach space X, it is enough to consider operators with numerical radius one. Observe that T ∈ L(X) attains its numerical radius if and only if the operator λT does for every λ ∈ R. Proof. (a) ⇒ (b). Let T ∈ L(X) with v(T ) = 1. By hypothesis, there is a sequence {S n } ⊂ NRA(X) such that {S n } −→ T in norm. This implies that there is n 0 ∈ N such that |v(S n ) − v(T )| S n − T < 1 for all n n 0 . Since v(T ) = 1, we have that v(S n ) > 0 for all n n 0 . Consider then the sequence (S n ) defined by
Then {S n } ⊂ NRA(X), v(S n ) = 1 for all n ∈ N and, since v(S n ) −→ v(T ) = 1, {S n } −→ T in norm. This proves (b) .
. Let T ∈ L(X) be given. If v(T ) = 0, then T attains its numerical radius and we are done. Otherwise, v(T ) = 0 and we may consider the operator T := T v(T ) which satisfies that v(T ) = 1. By hypothesis, there is a sequence {S n } ⊂ NRA(X) with v(S n ) = 1 for all n ∈ N and such that {S n } −→ T in norm. This implies that v(T )S n −→ v(T )T = T and we are done since v(T )S n ∈ NRA(X) for every n ∈ N. Now we are ready to provide a result for the denseness of the operators which attain their numerical radius. Proposition 4.7. Let X be a Banach space and let W be an absolute summand of X of type 1 or ∞. If NRA(X) is dense in L(X), then NRA(W ) is dense in L(W ).
Proof. Let Z be a Banach space such that X = W ⊕ a Z. Let ε ∈ (0, 1) and T ∈ L(W ) be given. We may consider v(T ) = 1 by using Lemma 4.6. Define T ∈ L(W ⊕ a Z) by T (w, z) := (T w, 0) for every (w, z) ∈ W ⊕ a Z.
with v( S) = 1 and ((w 0 , z 0 ), (w * 0 , z * 0 )) ∈ Π(W ⊕ a Z) such that | S(w 0 , z 0 ), (w * 0 , z * 0 ) | = v( S) = 1 and S − T < ε.
Set S = ( S 1 , S 2 ), where S 1 : W ⊕ a Z −→ W and S 2 : W ⊕ a Z −→ Z. By Lemma 1.5, we have
This implies that, for all w ∈ B W ,
On the other hand, for all z ∈ B Z , we get that
In particular, S 1 (0, z) < ε and S 2 (0, z) < ε for all z ∈ B Z .
Claim: w 0 = 0. Otherwise, by using (6), we would have
which is a contradiction.
Claim: w * 0 = 0. Otherwise, by using (5), we would have
which is a new contradiction.
Therefore, since w 0 , w * 0 = 0, by using (4), we have that
Define the operator S ∈ L(W ) by S(w) := S 1 (w, 0) (w ∈ W ). Note that for all (w, w * ) ∈ Π(W ), we have that ((w, 0), (w * , 0)) ∈ Π(W ⊕ a Z) and then, |w * (Sw)| = |w * ( S 1 (w, 0))| = | S(w, 0), (w * , 0) | v( S) = 1.
This shows that v(S) 1. Also, by using (5) , note that for all w ∈ S W ,
So, S − T < ε. It remains to prove that S attains its numerical radius, and we do this separating the proof in two cases.
Case 1: Assume first that ⊕ a is of type 1. We will prove that z 0 = 0. Suppose not. Since ⊕ a is of type 1, by Lemma 1.4.a there is K > 0 such that w 0 + K z 0 (w 0 , z 0 ) a = 1. On the other hand, being ⊕ a * of type ∞ (see Being z 0 = 0, we have that (w 0 , w * 0 ) ∈ Π(W ) and | S(w 0 , 0), (w * 0 , z * 0 ) | = 1. Let us show that v(S) = 1 and that it is attained. Indeed, since (w 0 , w * 0 ) ∈ Π(W ), we have that | S(w 0 , 0), (w * 0 , b 0 z * 0 ) | v( S) 1.
Then, 1 = | S(w 0 , 0), (w * 0 , z * 0 ) | = 1 − 1 b 0 S(w 0 , 0), (w * 0 , 0) +
This implies that |w * 0 (Sw 0 )| = v(S) = 1. Case 2: Now assume that ⊕ a is of type ∞. We will prove that z * 0 = 0. Suppose not. By Lemma 1.4.b, there is b 0 > 0 such that |(1, b 0 )| a = 1. Then,
By (7), we have that Since ⊕ a * is of type 1 (see Lemma 1.4.d), there is K > 0 such that w * 0 + K z * 0 (w * 0 , z * 0 ) a * = 1. Set (w 0 , z 0 ) = 1 − 1 b 0 w 0 (w 0 , 0) + 1 b 0 w 0 (w 0 , b 0 w 0 z 0 ).
Then, 1 = | S(w 0 , z 0 ), (w * 0 , z * 0 ) | = | S(w 0 , z 0 ), (w * 0 , 0) + S(w 0 , z 0 ), (0, z * 0 ) |
